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By considering semi-inclusive deep-inelastic scattering and the (complementary) qT -spectrum for Drell-
Yan lepton pair production we derive the QCD evolution for all the leading-twist transverse momentum
dependent distribution and fragmentation functions. We argue that all of those functions evolve with Q2
following a single evolution kernel. This kernel is independent of the underlying kinematics and it is also
spin independent. Those features hold, in impact parameter space, to all values of bT . The evolution kernel
presented has all of its large logarithms resummed up to next-to-next-to leading logarithmic accuracy,
which is the highest possible accuracy given the existing perturbative calculations. As a study case we
apply this kernel to investigate the evolution of the Collins function, one of the ingredients that have
recently attracted much attention within the phenomenological studies of spin asymmetries. Our analysis
can be readily implemented to revisit previously obtained fits that involve data at different scales for other
spin-dependent functions. Such improved fits are important to get better predictions—with the correct
evolution kernel—for certain upcoming experiments aiming to measure the Sivers function, Collins
function, transversity, and other spin-dependent functions as well.
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I. INTRODUCTION
Hadronic matrix elements with transverse momentum
dependence (TMD) are indispensable quantities in current
high-energy phenomenology. Ranging from the LHC
physics to the study of the spin and the three-dimensional
structure of nucleons, the role of those matrix elements is a
footprint of the QCD dynamics. In this work we focus
on matrix elements that acquire transverse momentum
dependence of partons inside the colliding and/or emerging
nucleons in deep-inelastic scattering (DIS) types of experi-
ments and also for Drell-Yan (DY) heavy lepton pair
production. For initial and final state hadronic matrix
elements, we refer to them below as TMD parton distri-
bution functions (TMDPDFs) and TMD fragmentation
functions (TMDFFs), respectively. Collectively, we call
them TMDs. In semi-inclusive DIS (SIDIS) experiments or
the DY qT-dependent spectrum, different TMDs contribute,
at leading twist, to the factorization of the QCD hadronic
tensor depending on the polarization of the involved
hadrons/partons. In order to study the hadronic spin struc-
ture, one needs to consider polarized and/or unpolarized
hadrons or partons; thus, one needs to define quantities that
are sensitive to different polarizations of partons inside
polarized or unpolarized hadrons. When SIDIS and DY
processes are considered, and based on leading-twist
factorization theorems and different spin projections of
the relevant hadronic tensors for those two processes, one
obtains sixteen different TMDs [1]. Eight of them are
related to initial state hadronic matrix elements, and the
other eight to final state ones.
It has been well known for long time that the TMDs
acquire, on top of the usual renormalization/factorization
scale dependence, an additional Q2 dependence, where Q2
is the hard probe in a typical high-energy reaction. The last
observation does not apply to the integrated (or “collinear”)
parton distribution or fragmentation functions. This differ-
ence makes the study of the TMDs more interesting since,
among other things, one needs to consider the QCD
evolution of such quantities with respect to a second scale,
namely Q, on top of the standard renormalization scale μ.
This Q2 dependence appears at the intermediate scale qT in
an “anomalous”manner. The anomaly is that there are, at the
intermediate scale, two types1 of large logarithms that need
to be resummed: lnðQ2=μ2Þ and lnðq2T=μ2Þ. Needless to say,
this extra Q2 dependence results from the fact that the
relevant observables are sensitive to the partonic transverse
momentum inside the colliding or emerging hadrons. As
such, this Q2 dependence serves to unravel both the
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1This is unlike the case for inclusive observables where, at the
intermediate scale—assuming, e.g., a partonic threshold—there
is only one type of large logarithm. For DIS one has lnðQ2ð1 −
xÞÞ and for DY there is lnðQ2ð1 − zÞ2Þ.
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momentum distribution of partons inside hadrons and the
fragmentation process of partons to hadrons, where both
aspects are complementary to each other and are funda-
mental to understanding certain aspects of QCD dynamics.
In this work we focus on the evolution of all those spin-
dependent and -independent TMDs with respect to Q2. In
order to do so one needs first to properly define them. As
we argue below, the role of the soft function(s) (and its
splitting thereof) is crucial to obtaining well-defined TMDs,
and this will ultimately determine the QCD evolution
properties of TMD functions. In this sense, we generalize
the results of Refs. [2,3] from the case of unpolarized
TMDs to the spin-dependent ones, and from TMDPDFs to
TMDFFs. The issue of evolution of different specific TMDs
has received much attention lately and for different TMDs
(see, e.g., [4–16]), and it is of much relevance to HERMES,
COMPASS, JLab, Belle, RHIC, and the LHC.
In Ref. [17] we considered the unpolarized DY qT-
spectrum for a small qT , and showed that the hadronic
tensor factorizes into hard, soft, and two (pure) collinear
matrix elements. The factorization theorem then allowed us
to combine the collinear contributions with the relevant part
of the soft function [3,17] in order to cancel rapidity
divergences. The resulting quantity was defined as the
unpolarized TMDPDF. Through the factorization theorem
we also obtained the evolution kernel of the unpolarized
quark TMDPDF. In Ref. [16] we obtained a resummed
evolutionkernelwhere all the large logarithmswere resummed
up to next-to-next-to leading logarithmic (NNLL) accuracy
(N3LL expressions were also provided). Although obtained
from the unpolarized DY hadronic tensor, we argued in
Ref. [16] that the evolution kernel is spin independent and
universal among all initial-state TMDPDFs, and we applied it
to the Sivers function.
In going from initial state hadronic matrix elements,
TMDPDFs, to final state ones, TMDFFs, we consider the
latter ones via the SIDIS process. After deriving its factori-
zation theorem by using soft-collinear effective theory
(SCET) [18–21], we properly define polarized and unpolar-
ized TMDFFs and obtain their evolution kernel, while
resumming large logarithms to NNLL accuracy. Similar to
the evolution kernel of the TMDPDFs, the resummed kernel
for TMDFFs is spin independent, and thus it applies to all
eight functions that are dependent on final state hadronic
matrix elements. Moreover, by considering some novel
features of the soft function (whether the one relevant for
SIDIS or DY kinematics)2 that enters into the definition of all
the sixteen TMDs, we argue that it is universal. This is a
major step in establishing that the evolution kernel of all
TMDFFs is exactly the same as the one of the TMDPDFs. In
other words, all of the sixteen TMDs evolve according to a
single evolution kernel.3 This fact has rather important
phenomenological implications as we discuss below.
This paper is organized as follows. In Sec. II we derive a
factorization theorem for SIDIS using effective field
theory methodology and we properly define, by taking
into account the soft function contributions and after spin
decompositions, all of the sixteen relevant TMDs at leading
twist. In Sec. III we discuss the evolution of the newly
defined TMDs and discuss the universality and
the spin (non)dependence of the evolution kernel. In
Sec. IV we apply the evolution kernel (after resummation)
to the Collins function as a study case, representing any of
the TMDFFs. In Appendix A we explicitly calculate the
unpolarized TMDFF to OðαsÞ and we show, as expected,
that when the pure collinear contribution is combined with
the proper soft contribution, all rapidity divergences cancel
out. In Appendix B we perform the matching of the
unpolarized TMDFF onto the collinear fragmentation
function and obtain the Wilson coefficient (which is free
from any infrared/rapidity divergence regulator while all
calculations are performed on the light cone). As a trivial
check, in Appendix C we utilize the results of Appendix A to
obtain the hard part relevant for SIDIS kinematics (which has
to be the same one as for the inclusive DIS).
II. FACTORIZATION THEOREM AND
DEFINITIONS
In Ref. [17] we derived a factorization theorem for small-
qT DY lepton pair production, highlighting the role of the
soft gluon radiation through a well-defined soft function.
In this section we follow the same steps and derive a
factorization theorem for the SIDIS case:
lðkÞ þ NðPÞ → l0ðk0Þ þ hðPhÞ þ XðPXÞ; ð1Þ
where lðl0Þ is the incoming (outgoing) lepton, N is the
nucleon, and h is the detected hadron, for which we
measure the transverse momentum. This process is
commonly described in terms of the following Lorentz
invariants,
xB ¼
Q2
2P · q
; y ¼ P · q
P · l
; zh ¼
P · Ph
P · q
: ð2Þ
The photon carries momentum q ¼ k − k0 with
q2 ¼ −Q2. In the Breit frame, the incoming nucleon N
is traveling along the þz-direction, with the n-collinear
momentum P, and the photon is n¯ collinear, traveling
2The soft functions appearing in the factorization theorems of
DYand SIDIS differ, at the operator level, by a different structure
of the soft Wilson lines.
3In Ref. [22] (see also Ref. [7]) the universality and spin
independence of the Collins-Soper evolution kernel was consid-
ered for TMDPDFs, but not for TMDFFs. Moreover, and more
importantly, the TMDs considered there have different definitions
than the ones introduced in this work regarding the role of the
relevant soft function contributions.
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along the −z-direction.4 The outgoing hadron, h, has a
momentum, Ph, mainly along the −z-direction, acquiring
a transverse momentum, Ph⊥. The axial four-spin vectors
of the nucleon and the hadron, S and Sh, respectively,
satisfy S2 ¼ S2h ¼ −1 and S · P ¼ Sh · Ph ¼ 0. The differ-
ential cross section for SIDIS under one photon exchange
can then be written as (see, e.g., [23])
d5σ
dxBdydzhd2Ph⊥
¼ πα
2
em
2Q4
yLμνWμν: ð3Þ
The leptonic tensor Lμν is
Lμν ¼ 2ðkμk0ν þ kνk0μ − gμνk · k0Þ þ 2iλlϵμνρσlρqσ; ð4Þ
where we have summed over the spin of the final lepton,
sl0 . The hadronic tensor Wμν is given by
Wμν ¼ 1ð2πÞ4
1
z
X
X
Z
d3PX
ð2πÞ32EX
ð2πÞ4δð4ÞðPþ q − Ph − PXÞ
× hPSjJμ†ð0ÞjX;PhShihX;PhShjJνð0ÞjPSi
¼ 1
z
XZ
X
Z
d4r
ð2πÞ4 e
iq·rhPSjJμ†ðrÞjX;PhShi
× hX;PhShjJνð0ÞjPSi; ð5Þ
where the sum over the undetected hadrons in the final
state, X, includes as well the integration over PX.
The first step of factorization of the SIDIS hadronic
tensor is done by matching the full QCD current5
JμQCD ¼
X
q
eqψ¯γμψ ð6Þ
onto the qT-dependent one,
JμSCET ¼ CðQ2=μ2Þ
X
q
eqξ¯n¯ ~W
T
n¯
~ST†n¯ γ
μSTn ~W
T†
n ξn; ð7Þ
which contains soft and collinear modes. The Wilson
coefficient CðQ2=μ2Þ can be extracted from the finite terms
of the calculation of the (full QCD) quark form factor in
pure dimensional regularization, and it is known up to
Oðα2sÞ [24]. See Appendix C for more details. For SIDIS
kinematics the relevant Wilson lines, essential to ensure
gauge invariance among regular and singular gauges
[25,26], are
~WTnðn¯Þ ¼ ~Tnðn¯Þ ~Wnðn¯Þ;
~WnðxÞ ¼ P¯ exp

−ig
Z
∞
0
dsn¯ · Anðxþ n¯sÞ

;
~TnðxÞ ¼ P¯ exp

−ig
Z
∞
0
dτ~l⊥ · ~An⊥ðxþ;∞−; ~x⊥ þ ~l⊥τÞ

;
~Tn¯ðxÞ ¼ P exp

−ig
Z
∞
0
dτ~l⊥ · ~An¯⊥ð∞þ; x−; ~x⊥ þ ~l⊥τÞ

;
ð8Þ
and
STn ¼ Tsnðsn¯ÞSn; ~STn¯ ¼ ~Tsnðsn¯Þ ~Sn¯;
SnðxÞ ¼ P exp

ig
Z
0
−∞
dsn · Asðxþ snÞ

;
TsnðxÞ ¼ P exp

ig
Z
0
−∞
dτ~l⊥ · ~As⊥ð∞þ; 0−; ~x⊥ þ ~l⊥τÞ

;
Tsn¯ðxÞ ¼ P exp

ig
Z
0
−∞
dτ~l⊥ · ~As⊥ð0þ;∞−; ~x⊥ þ ~l⊥τÞ

;
~Sn¯ðxÞ ¼ P exp

−ig
Z
∞
0
dsn¯ · Asðxþ n¯sÞ

;
~TsnðxÞ ¼ P exp

−ig
Z
∞
0
dτ~l⊥ · ~As⊥ð∞þ; 0−; ~x⊥ þ ~l⊥τÞ

;
~Tsn¯ðxÞ ¼ P exp

−ig
Z
∞
0
dτ~l⊥ · ~As⊥ð0þ;∞−; ~x⊥ þ ~l⊥τÞ

:
ð9Þ
Tsnðsn¯Þ appears for the gauge choice n · As ¼ 0 (n¯ · As ¼ 0),
and the rest of the Wilson lines appearing in Eq. (7) are
obtained by exchanging n↔n¯ and the path-ordering P with
the anti–path-ordering P¯.
One of the key ingredients of the SCET machinery is the
decoupling of the Hilbert space of the partonic states into
three subspaces corresponding to n-collinear, n¯-collinear,
and soft modes. After this decoupling, standard manipu-
lations lead to the following form of the hadronic tensor:
Wμν ¼ HðQ2=μ2Þ 1
Nc
X
q
eq
Z
d4r
ð2πÞ4 e
iq·rTr½Φð0Þ
× ðr;P; SÞγμΔð0Þðr;Ph; ShÞγνSðrÞ þO

qT
Q

; ð10Þ
where HðQ2=μ2Þ ¼ jCðQ2=μ2Þj2 and
Φð0Þij ðr;P;SÞ ¼ hPSj½ξ¯nj ~WTn ðrÞ½ ~WT†n ξnið0ÞjPSijzb subtracted;
Δð0Þij ðr;Ph; ShÞ ¼
1
z
XZ
X
h0j½ ~WT†n¯ ξn¯iðrÞjX;PhShi
× hX;PhShj½ξ¯n¯ ~WTn¯jð0Þj0ijzb subtracted;
SðrÞ ¼ 1
Nc
h0jTr½ST†n ~STn¯ ðrÞ½ ~ST†n¯ STn ð0Þj0i: ð11Þ
4A generic vector, vμ, is decomposed as vμ¼ n¯ ·vnμ
2
þ
n ·vn¯
μ
2
þvμ⊥¼ðn¯ ·v;n ·v;vμ⊥Þ¼ðvþ;v−;vμ⊥Þ, with n ¼ ð1; 0; 0; 1Þ,
n¯ ¼ ð1; 0; 0;−1Þ, n2 ¼ n¯2 ¼ 0, and n · n¯ ¼ 2. We also use
vT ¼ jv⊥j, so that v2⊥ ¼ −v2T .5We consider the case of a one photon exchange. The
extension to the W and Z bosons exchange is straightforward.
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The “zb-subtracted” stands for zero-bin subtraction, which
means that one needs to subtract the soft momentum mode
(zero bin in SCET nomenclature) contributions from the
naively calculated collinear matrix elements, thereby
obtaining the so-called “pure collinear” matrix elements.
Within SCET formalism, zero-bin subtractions were first
introduced in Ref. [27]. In full QCD analysis, the issue of
double counting was treated in Ref. [28] through “soft
function subtraction” (see also Ref. [2]). On the equivalence
of the QCD and SCET treatments, see Refs. [29–31].
In the region of the large transverse momentum, qT ∼Q,
the factorized hadronic tensor in Eq. (10) receives correc-
tions through the so-called “Y-term” (see, e.g., Sec. 13.12
in Ref [2]). From now on we will omit this term and
concentrate on the role of TMD functions and their evolution.
Since the incoming and outgoing quarks are n collinear
and n¯ collinear, respectively, the virtual photon momentum
is hard, q ¼ kn¯ − kn ∼Qð1; 1; λÞ, and thus in the exponen-
tial in Eq. (10) we have r ∼ ð1=QÞð1; 1; 1=λÞ. Then we need
to Taylor expand the previous result and consider only the
leading order contributions in λ. Thus, we get
Wμν ¼ HðQ2=μ2Þ 2
Nc
X
q
eq
Z
d2kn⊥d2kn¯⊥d2ks⊥δð2Þ
× ðq⊥ þ kn⊥ − kn¯⊥ þ ks⊥Þ
× Tr½Φð0Þðx; kn⊥; SÞγμΔð0Þðz; kn¯⊥; ShÞγνSðks⊥Þ;
ð12Þ
where
Φð0Þij ðx; kn⊥; SÞ ¼
1
2
Z
dy−d2y⊥
ð2πÞ3 e
−ið1
2
y−kþn −y⊥·kn⊥ÞhPSj½ξ¯nj ~WTn ð0þ; y−; y⊥Þ½ ~WT†n ξnið0ÞjPSijzb subtracted;
Δð0Þij ðz; Pˆh⊥; ShÞ ¼
1
2
Z
dyþd2y⊥
ð2πÞ3 e
ið1
2
yþk−n¯−y⊥·kn¯⊥Þ 1
z
XZ
X
h0j½ ~WT†n¯ ξn¯iðyþ; 0−; y⊥ÞjX;PhShihX;PhShj½ξ¯n¯ ~WTn¯jð0Þj0ijzb subtracted;
Sðks⊥Þ ¼
Z
d2y⊥
ð2πÞ2 e
iy⊥·ks⊥ 1
Nc
h0jTr½ST†n ~STn¯ ð0þ; 0−; y⊥Þ½ ~ST†n¯ STn ð0Þj0i: ð13Þ
For the Φ correlator we have kþn ¼ xPþ, while for the Δ
correlator we have k−n¯ ¼ Pˆ−h =z and kn⊥ ¼ −Pˆh⊥=z. Pˆh⊥
can be interpreted as the transverse momentum of the
outgoing hadron h in a frame where the fragmenting quark
has no transverse momentum. On the other hand, kn¯⊥ can
be interpreted as the transverse momentum of the frag-
menting quark in a frame where the outgoing hadron has no
transverse momentum. Thus, one should notice the differ-
ence between Ph⊥, the transverse momentum of the hadron
with respect to the photon, and Pˆn⊥.
When calculated perturbatively (i.e., partonically) the
three matrix elements above contain, individually, rapidity
divergences. Those divergences are neither ultraviolet nor
long-distance ones and, in principle, are not sensitive to
confining dynamics. As argued in Ref. [17], such diver-
gences appear in each one of the soft and collinear matrix
elements contained in the factorization theorem, and they
can be removed by articulating a particular combination of
the soft and collinear matrix elements.
In order to remove rapidity divergences from the sixteen
TMDPDFs and TMDFFs, we split the soft function into
two pieces [3],
~S

bT ;
Q2μ2
ΔþΔ−
; μ2

¼ ~S−ðbT ; ζF; μ2;Δ−Þ ~SþðbT ; ζD; μ2;ΔþÞ;
~S−ðbT ; ζF; μ2;Δ−Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~S

Δ−
pþ
; α
Δ−
p¯−
s
;
~SþðbT ; ζD; μ2;ΔþÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~S

1
α
Δþ
pþ
;
Δþ
p¯−
s
; ð14Þ
where in the soft functions under the square roots we have
explicitly specified the dependence on the Δ-regulator
parameters that regulate the soft Wilson lines in the n-
and n¯-directions. More details on this splitting can be found
in Sec. III. ζF and ζD are fractions of Q2 satisfying
ζFζD ¼ Q4, where ζF ¼ Q2=α and ζD ¼ αQ2 with α being
an arbitrary boost-invariant real number. pþ and p¯− stand
for the two large collinear momentum components carried
by the incoming and outgoing partons, respectively, that
initiate the DIS hard reaction. The superscript ∼ refers to
quantities calculated in impact parameter space (IPS).
We emphasize the fact that the splitting of the soft
function in rapidity space is a feature independent of any
particular regulator [3]. Although the arguments in that
reference were based on a perturbative calculation per-
formed with the Δ regulator, one could definitely use a
different one to get to the same conclusion.
In order to properly define the TMDs, the two pieces of
the soft function presented above are combined with the
two quark correlators (Φ and Δ). The resulting quantities
are free from rapidity divergences and hence can be
considered as valid hadronic quantities. Thus, the
TMDPDFs are defined by
Fijðx;kn⊥;S;ζF;μ2;Δ−Þ
¼
Z
d2b⊥eib⊥·kn⊥ ~Φ
ð0Þ
ij ðx;b⊥;S;μ2;Δ−Þ ~S−ðbT ;ζF;μ2;Δ−Þ;
ð15Þ
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while for the TMDFFs we have
Dijðz;Pˆh⊥;Sh;ζD;μ2;ΔþÞ
¼
Z
d2b⊥e−ib⊥·kn¯⊥ ~Δ
ð0Þ
ij ðz;b⊥;Sh;μ2;ΔþÞ ~SþðbT ;ζD;μ2;ΔþÞ:
ð16Þ
With the definitions above, we can write the hadronic
tensor as
Wμν ¼ HðQ2=μ2Þ 2
Nc
×
X
q
eq
Z
d2kn⊥d2kn¯⊥δð2Þðq⊥ þ kn⊥ − kn¯⊥Þ
× Tr½Fðx; kn⊥; S; ζF; μ2ÞγμDðz; Pˆh⊥; Sh; ζD; μ2Þγν:
ð17Þ
Before continuing our analysis we comment on the
content of Eqs. (15)–(16). The above definition of the
different TMDPDFs was first introduced in Ref. [3]. In this
sense this is not a new result. However, the above definition
for TMDFFs can be considered as a generalization of the
formalism of Refs. [3,16,17] to the case of unpolarized and
spin fragmentation functions. In Appendix A we present a
next-to-leading order calculation of the unpolarized TMDFF
and we show explicitly that it is free from rapidity diver-
gences. We also perform, in Appendix B, an operator product
expansion (OPE) onto the integrated (or collinear)
fragmentation function (FF) and obtain the matching coef-
ficient between the two for a large transverse momentum.
One could also extend the formulation given in Ref. [2]
in order to properly define all the leading-twist TMDs.
The basics would be the same: to split the soft function
into two pieces and combine them with the collinear
correlators to build well-defined quantities, free from
rapidity divergences.
In Ref. [1] a spin decomposition (for the different Dirac
structure) was performed for the correlators Φ and Δ. Such
decompositions allow us to define sixteen TMD correlators
at leading twist: eight for initial state matrix elements and
another eight for the analogous final state ones. Given the
fact that the soft function introduced earlier is spin
independent, then the same spin decompositions carry over
straightforwardly for the well-defined TMDPDFs and
TMDFFs (F and D, respectively) in Eqs. (15)–(16), which
contain the soft factor in them as explained above. Below,
we present the same spin decompositions as in Ref. [1],
both in momentum space as in IPS; however, it should be
understood that we are referring, throughout the rest of this
work, to the newly defined objects. This distinction is
crucial, since the properties of the two referred objects are
completely different, as is their QCD evolution. The soft
function in the definition of the TMDs must be included in
order to obtain well-defined hadronic quantities.
Given the above, and with the notation F½Γ ≡ 1
2
TrðFΓÞ,
where Γ is a generic combination of Dirac matrices, one has
the following decomposition for the TMDPDFs:
F½γþðx; kn⊥; S; ζF; μ2Þ ¼ f1ðx; k2nT ; ζF; μ2Þ −
ϵij⊥kn⊥iS⊥j
MN
f⊥1Tðx; k2nT ; ζF; μ2Þ;
F½γþγ5ðx; kn⊥; S; ζF; μ2Þ ¼ λg1Lðx; k2nT ; ζF; μ2Þ þ
ðkn⊥ · S⊥Þ
MN
g1Tðx; k2nT ; ζF; μ2Þ;
F½iσiþγ5ðx; kn⊥; S; ζF; μ2Þ ¼ Si⊥h1ðx; k2nT ; ζF; μ2Þ þ
λkin⊥
MN
h⊥1Lðx; k2nT ; ζF; μ2Þ
−
ðkin⊥kjn⊥ þ 12 k2n⊥gij⊥ÞS⊥j
M2N
h⊥1Tðx; k2nT ; ζF; μ2Þ −
ϵij⊥kn⊥j
MN
h⊥1 ðx; k2nT ; ζF; μ2Þ: ð18Þ
Analogously [and using D½Γ ¼ 1
2
TrðDΓÞ], we have the following decomposition for TMDFFs:
D½γ−ðz; Pˆh⊥; Sh; ζD; μ2Þ ¼ D1ðz; Pˆ2hT ; ζD; μ2Þ −
ϵij⊥kn¯⊥iSh⊥j
Mh
D⊥1Tðz; Pˆ2hT ; ζD; μ2Þ;
D½γ−γ5ðz; Pˆh⊥; Sh; ζD; μ2Þ ¼ λG1Lðz; Pˆ2hT ; ζD; μ2Þ þ
ðkn¯⊥ · Sh⊥Þ
Mh
G1Tðz; Pˆ2hT ; ζD; μ2Þ;
D½iσi−γ5ðz; Pˆh⊥; Sh; ζD; μ2Þ ¼ Sih⊥H1ðz; Pˆ2hT ; ζD; μ2Þ þ
λkin¯⊥
Mh
H⊥1Lðz; Pˆ2hT ; ζD; μ2Þ
−
ðkin¯⊥kjn¯⊥ þ 12 k2n¯⊥gij⊥ÞSh⊥j
M2h
H⊥1Tðz; Pˆ2hT ; ζD; μ2Þ −
ϵij⊥kn¯⊥j
Mh
H⊥1 ðz; Pˆ2hTÞ: ð19Þ
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Let us now express the hadronic tensor in terms of Pn⊥,
which is the transverse momentum of the hadron with
respect to the photon direction. The transverse momentum
of the virtual photon, q⊥, is related to Ph⊥ by q⊥ ≈ −Ph⊥=z
up to Oð1=Q2Þ corrections. Using this relation and
kn¯⊥ ¼ −Pˆh⊥=z, we can write
Wμν ¼ HðQ2=μ2Þ 2
Nc
×
X
f
ef
Z
d2kn⊥
d2Pˆh⊥
z2
δð2Þ

Ph⊥
z
− kn⊥ −
Pˆh⊥
z

× Tr½Ff=Nðx; kn⊥; S; ζF; μ2ÞγμDh=f
× ðz; Pˆh⊥; Sh; ζD; μ2Þγν: ð20Þ
The trace in Eq. (20) can be decomposed into different
Dirac structures by means of Fierz transformations:
4ðγμÞjkðγνÞli¼½1ji1lkþðiγ5Þjiðiγ5Þlk−ðγαÞjiðγαÞlk
−ðγαγ5Þjiðγαγ5Þlkþ
1
2
ðiσαβγ5Þjiðiσαβγ5Þlkgμν
þðγfμÞjiðγνgÞlkþðγfμγ5Þjiðγνgγ5Þlk
þðiσαfμγ5Þjiðiσνgαγ5Þlkþ; ð21Þ
where we have kept only the terms symmetric under the
exchange of μ and ν. If one considers the scattering of a
nucleon by an unpolarized lepton, the leptonic tensor in
Eq. (4) is symmetric, and thus we only need the symmetric
part of the hadronic tensor. With this decomposition, we get
Wμν ¼ HðQ2=μ2Þ 2
Nc
X
f
ef
Z
d2kn⊥
d2Pˆh⊥
z2
δð2Þ

Ph⊥
z
− kn⊥ −
Pˆh⊥
z

× ½ðF½γþf=Nðx; kn⊥; SÞD½γ
−
h=fðz; Pˆh⊥; ShÞ þ F½γ
þγ5
f=N ðx; kn⊥; SÞD½γ
−γ5
h=f ðz; Pˆh⊥; ShÞÞgμν⊥
þ F½iσiþγ5f=N ðx; kn⊥; SÞD½iσ
j−γ5
h=f ðz; Pˆh⊥; ShÞðgfμ⊥igνgj − g⊥ijgμν⊥ Þ; ð22Þ
where gμν⊥ ¼ gμν − 12 ðnμn¯ν þ nνn¯μÞ and we have used the properties of n-collinear and n¯-collinear fields: nξn ¼ 0, n¯ξn ¼ 0,
nξn¯ ¼ ξn¯, and n¯ξn ¼ ξn.
In IPS, where convolutions become simple products, the hadronic tensor is expressed as follows:
Wμν ¼ HðQ2=μ2Þ 2
Nc
X
f
ef
Z
d2b
ð2πÞ2 e
−ib·Ph⊥=z
× ½ð ~F½γþf=Nðx; b⊥; S; ζF; μ2Þ ~D½γ
−
h=fðz; b⊥; Sh; ζD; μ2Þ þ ~F½γ
þγ5
f=N ðx; b⊥; S; ζF; μ2Þ ~D½γ
−γ5
h=f ðz; b⊥; Sh; ζD; μ2ÞÞgμν⊥
þ ~F½iσiþγ5f=N ðx; b⊥; S; ζF; μ2Þ ~D½iσ
j−γ5
h=f ðz; b⊥; Sh; ζD; μ2Þðgfμ⊥igνgj − g⊥ijgμν⊥ Þ; ð23Þ
where
~Ff=Nðx; b⊥; S; ζF; μ2Þ ¼
Z
d2kn⊥eib⊥·kn⊥Ff=Nðx; kn⊥; S; ζF; μ2Þ;
~Dh=fðz; b⊥; Sh; ζD; μ2Þ ¼
1
z2
Z
d2Pˆh⊥eib⊥·Pˆh⊥=zDh=fðz; Pˆh⊥; Sh; ζD; μ2Þ: ð24Þ
Since the evolution of all TMDs will be discussed in IPS, it is useful to introduce the TMDPDFs and TMDFFs in that space.
When Fourier transforming to IPS we get (similar expressions can be found in Ref. [32])
~F½γ
þ
f=Nðx; b⊥; S; ζF; μ2Þ ¼ ~f1ðx; b2T ; ζF; μ2Þ −
ϵij⊥b⊥iS⊥j
ibTMN
~f⊥ð1Þ1T ðx; b2T ; ζF; μ2Þ;
~F½γ
þγ5
f=N ðx; b⊥; S; ζF; μ2Þ ¼ λ~g1Lðx; b2T ; ζF; μ2Þ þ
ðb⊥ · S⊥Þ
ibTMN
~gð1Þ1T ðx; b2T ; ζF; μ2Þ;
~F½iσ
iþγ5
f=N ðx; b⊥; S; ζF; μ2Þ ¼ Si⊥ ~h1ðx; b2T ; ζF; μ2Þ þ
λbi⊥
ibTMN
~h⊥ð1Þ1L ðx; b2T ; ζF; μ2Þ
−
ðbi⊥bj⊥ þ 12 b2Tgij⊥ÞS⊥j
ðiÞ2b2TM2N
~h⊥ð2Þ1T ðx; b2T ; ζF; μ2Þ −
ϵij⊥b⊥j
ibTMN
~h⊥ð1Þ1 ðx; b2T ; ζF; μ2Þ; ð25Þ
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and
~D½γ
−
h=fðz; b⊥; Sh; ζD; μ2Þ ¼ ~D1ðz; b2T ; ζD; μ2Þ −
ϵij⊥b⊥iSh⊥j
ð−ibTÞMh
~D⊥ð1Þ1T ðz; b2T ; ζD; μ2Þ;
~D½γ
−γ5
h=f ðz; b⊥; Sh; ζD; μ2Þ ¼ λ ~G1Lðz; b2T ; ζD; μ2Þ þ
ðb⊥ · Sh⊥Þ
ð−ibTÞMh
~Gð1Þ1T ðz; b2T ; ζD; μ2Þ;
~D½iσ
i−γ5
h=f ðz; b⊥; Sh; ζD; μ2Þ ¼ Sih⊥ ~H1ðz; b2T ; ζD; μ2Þ þ
λbi⊥
ð−ibTÞMh
~H⊥ð1Þ1L ðz; b2T ; ζD; μ2Þ
−
ðbi⊥bj⊥ þ 12 b2Tgij⊥ÞSh⊥j
ð−ibTÞ2M2h
~H⊥ð2Þ1T ðz; b2T ; ζD; μ2Þ −
ϵij⊥b⊥j
ð−ibTÞMh
~H⊥ð1Þ1 ðz; b2T ; ζD; μ2Þ; ð26Þ
where the superscript ðnÞ stands for the nth derivative with
respect to bT . Thus, consistent with Eq. (24), for any of the
eight functions in the decomposition of ~Ff=N we have
~FðnÞðb2TÞ ¼
 ∂
∂bT

n
~Fðb2TÞ
¼
 ∂
∂bT

n
Z
d2kn⊥eib⊥·kn⊥Fðk2nTÞ; ð27Þ
while for any of the eight functions in the decomposition of
~Dh=f we have
~DðnÞðb2TÞ ¼
 ∂
∂bT

n
~Dðb2TÞ
¼
 ∂
∂bT

n 1
z2
Z
d2Pˆn⊥eib⊥·Pˆh⊥=zDðPˆ2hTÞ: ð28Þ
Recall that for the fragmentation function we have
kn¯⊥ ¼ −Pˆh⊥=z, and we have used this relation to get
Eq. (26) from Eq. (19).
Depending on whether we are interested in spin-averaged
quantities or spin asymmetries for either the incoming or
outgoing hadrons, and depending on the directions of those
spins (longitudinal and/or transverse), different terms of the
expansions of Ff=N and Dh=f will appear in the hadronic
tensor. However, the hard part, which is just a multiplicative
factor of the soft and the two collinear contributions and is a
polynomial in logðQ2=μ2Þ, is the same among all possible
pairings of the TMDPDF and TMDFF.
III. EVOLUTION OF TMDPDFS AND TMDFFS
The scale evolution of the different TMDs is governed by
their anomalous dimensions, which are defined as follows:
d
d×lnμ
ln ~F½Γf=Nðx;b⊥;S;ζF;μ2Þ≡γF

αsðμÞ;ln
ζF
μ2

;
d
d×lnμ
ln ~D½Γh=fðz;b⊥;Sh;ζD;μ2Þ≡γD

αsðμÞ;ln
ζD
μ2

: ð29Þ
Based on the factorized hadronic tensor in IPS given in
Eq. (23), the evolution of the TMDs with respect to the
factorization scale μ is related to that of the hard part. Since
the hadronic tensor does not depend on the factorization
scale, the anomalous dimensions γF and γD are related to
the one of the hard part, γH, through
γH¼
d
d×lnμ
HðQ2=μ2Þ¼2ΓcuspðαsðμÞÞln
Q2
μ2
þ2γVðαsðμÞÞ;
¼−γF

αsðμÞ;ln
ζF
μ2

−γD

αsðμÞ;ln
ζD
μ2

; ð30Þ
and thus
γF

αsðμÞ; ln
ζF
μ2

¼−ΓcuspðαsðμÞÞ ln
ζF
μ2
− γVðαsðμÞÞ;
γD

αsðμÞ; ln
ζD
μ2

¼−ΓcuspðαsðμÞÞ ln
ζD
μ2
− γVðαsðμÞÞ: ð31Þ
It should be mentioned that the splitting of γH into γF and
γD given in the last equation is unique, following the
restriction of ζFζD ¼ Q4. The coefficients of the perturba-
tive expansions of Γcusp and γV are known up to three loops
and they are collected in [16].
On the other hand, the TMDs depend as well on Q2
through the variables ζF and ζD. This can be easily verified,
e.g., by considering the NLO results for the unpolarized
TMDPDF [see Eq. (21) in Ref. [3]] or for the unpolarized
TMDFF [see Eq. (A30) in Appendix A]. We next discuss
the evolution of all TMDs with respect to Q2, or, equiv-
alently, ζF and ζD.
The starting point is Eqs. (15)–(16). In IPS where the
convolution becomes a simple product, one has the
following:
lnFijðx;b⊥;S;ζF;μ2;Δ−Þ
¼ ln ~Φð0Þij ðx;b⊥;S;μ2;Δ−Þþ ln ~S−ðbT ;ζF;μ2;Δ−Þ ð32Þ
and
lnDijðz;b⊥;Sh;ζD;μ2;ΔþÞ
¼ ln ~Δð0Þij ðz;b⊥;Sh;μ2;ΔþÞþ ln ~SþðbT ;ζD;μ2;ΔþÞ: ð33Þ
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We notice that the ζ-dependence in Eqs. (32) and (33) lies
completely in the soft factors, while the pure collinear
contributions ( ~Φð0Þ and ~Δð0Þ) are free from any ζ-dependence.
This observation is important. Each pure collinear contribu-
tion depends solely on one collinear sector: n collinear for the
TMDPDFs and n¯ collinear for the TMDFFs.6 As such, it is
impossible to generate anyQ2 dependence in those quantities
since the only way that the Q2 can appear (either in the
collinear or the soft factors) is through the (boost-invariant)
combination of pþp¯− ¼ Q2 (here we are assuming that we
are in the Breit frame). On the other hand, the soft gluon
radiation has no preferred collinear direction (both light-cone
momentum components have the same scaling), and the soft
factors do includeQ2 dependence through a term of the form
logðΔþΔ−=Q2μ2Þ [see Eq. (18) in Ref. [3]]. Moreover, in
Ref. [3], where we considered the DY kinematics, it was
shown that to all orders in perturbation theory, ln ~S has a
single logarithmic dependence on lnðΔþΔ−=Q2μ2Þ:
ln ~S ¼ RsðbT; αsÞ þ 2DðbT; αsÞ ln

ΔþΔ−
Q2μ2

: ð34Þ
Thus, this function can be split into
ln ~S− ¼
1
2
RsðbT; αsÞ þDðbT; αsÞ ln
ðΔ−Þ2
ζFμ
2

; ð35Þ
and
ln ~Sþ ¼
1
2
RsðbT; αsÞ þDðbT; αsÞ ln
ðΔþÞ2
ζDμ
2

; ð36Þ
where, as already mentioned, ζF ¼ Q2=α and ζD ¼ αQ2
with α being an arbitrary boost-invariant real number.
Given the fact that the soft function is Hermitian and its
logarithm has a single logarithm of Q2 to all orders in
perturbation theory, when going from time-like (DY)
kinematics to space-like ones (DIS) it is evident that the
soft function is universal. Thus, the arguments of Ref. [3]
for the splitting of the soft function carry over straightfor-
wardly to SIDIS kinematics. Moreover, the D-term is also
universal among the DIS and DY kinematics. Combining
this observation with Eqs. (32) and (33), we get that the Q2
dependence of the TMDPDFs and TMDFFs is governed by
d
d ln ζF
ln ~F½Γf=Nðx; b⊥; S; ζF; αsÞ ¼ −DðbT ; αsÞ;
d
d ln ζD
ln ~D½Γh=fðz; b⊥; Sh; ζD; αsÞ ¼ −DðbT ; αsÞ: ð37Þ
It can be easily verified that, given Eqs. (29)–(31) and the μ-
independence of the hadronic tensor, we have
dD
d ln μ
¼ Γcusp: ð38Þ
Since the soft function is spin independent and univer-
sal,7 and given the perturbative arguments above, by
extrapolation from small to large values of bT we arrive
to the conclusion that the evolution of all TMDs with
respect to Q2 is governed by a single universal and spin-
independent quantity, namely, the D-term (and γH). This is
one of the main results of this work. Next, we discuss the
D-term.
As is clear from the above discussion regarding small vs
large values of bT , the D-term contains perturbative and
nonperturbative information. Given Eq. (34), the coeffi-
cients of the perturbative expansion of the D-term can be
completely determined by performing a perturbative cal-
culation of the partonic soft function. In Ref. [17] we
explained how to obtain the NLO coefficient of the D-term,
which is necessary to obtain the evolution kernel up to next-
to-next-to logarithmic accuracy (NNLL), from a fixed order
calculation of the (full QCD) DY cross section. However, as
it was shown in Ref. [16], even after resumming the large
logarithms in the perturbative expansion of the D-term, the
resummed D has a finite range of convergence in IPS.
Thus, one needs to parametrize (or “model”) this quantity
for large values of bT . However, since, as argued above, the
soft function is universal and spin independent, the con-
sidered nonperturbative model can be applied to para-
metrize the large bT region of the D-term, and hence the
evolution kernel, regardless of which TMD function we are
considering. This is also generally assumed within
the standard Collins-Soper-Sterman approach [34], where
the nonperturbative model for the Collins-Soper kernel is
taken to be universal (see also Ref. [14]).
By setting a hard cutoff, bTc, we can separate the two
contributions to the D-term, and thus it can be written as
DðbT ; μÞ ¼ DRðbT ; μÞθðbTc − bTÞ
þDNPðbTÞθðbT − bTcÞ: ð39Þ
In Ref. [16], while exploiting all the available perturbative
information, the region in the IPS where the resummed D
(DR) converges was found. On the other hand, the values of
the parameters that enter into the model for DNP should be
extracted from fits to experimental data.
Regardless how the nonperturbative contribution to the
D-term is parametrized, we can perform the evolution of all
the leading-twist TMDPDFs and TMDFFs consistently up
to the NNLL:
6This is not the case for the naive collinear contributions, since
such quantities involve soft contamination in each of them. This
soft contamination “connects” the two collinear sectors and thus a
nonvalid Q2 dependence appears in the collinear contributions to
both the TMDPDFs and the TMDFFs. Thus, avoiding double
counting is crucial.
7Previously, Collins and Metz got to the same conclusion in
Ref. [33] while employing a different line of reasoning.
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~F½Γf=Nðx; b⊥; S; ζF;f; μ2fÞ ¼ ~F½Γf=Nðx; b⊥; S; ζF;i; μ2i Þ ~R
× ðbT ; ζF;i; μ2i ; ζF;f; μ2fÞ;
~D½Γh=fðz; b⊥; Sh; ζD;f; μ2fÞ ¼ ~D½Γh=fðz; b⊥; Sh; ζD;i; μ2i Þ ~R
× ðbT ; ζD;i; μ2i ; ζD;f; μ2fÞ; ð40Þ
where the evolution kernel ~R is given by
~Rðb; ζi; μ2i ; ζf; μ2fÞ
¼ exp
(Z
μf
μi
dμ¯
μ¯
γ

αsðμ¯Þ; ln
ζf
μ¯2

ζf
ζi

−DðbT ;μiÞ
; ð41Þ
with ðζ ¼ ζF; γ ¼ γFÞ for the TMDPDFs and ðζ ¼ ζD; γ ¼
γDÞ for the TMDFFs. Notice that Eq. (40) is valid for all the
sixteen functions appearing in Eqs. (25) and (26).
When trying to implement the evolution kernel for
different experiments, one needs to relate ζF and ζD to
the physical scaleQ2. As already mentioned, for a givenQ2
we have the relation ζFζD ¼ Q4. Thus, whether we are
considering any one of the eight TMDPDFs or the eight
TMDFFs, the ζ parameter has different values for a given
Q2. For all practical purposes, one considers a hadronic
tensor where only the combination ζFζD appears in the
product of two TMDs. Then one can safely relate ζF and ζD
to Q2 by setting ζF ¼ ζD ¼ Q2, and, when doing so, we
replace the parameter ζ in Eq. (41) with Q2, which is the
actual physical scale set by the experiment. With this choice
we can safely claim that all of the sixteen TMDs have the
same evolution kernel given in Eq. (41).
In order to illustrate the application of Eq. (40), let us
consider the Collins function H⊥1 . One has to notice that in
the decomposition of ~D½Γh=f in Eq. (26) what appears is the
first derivative of the Collins function with respect to the
impact parameter, and, thus, consistently with Eq. (40), we
have that
~H⊥ð1Þ1 ðz; b2T ;QfÞ ¼ ~H⊥ð1Þ1 ðz; b2T ;QiÞ ~RðbT ;Qi;QfÞ; ð42Þ
where for simplicity we have set μ2 ¼ ζ ¼ Q2. It is this
derivative and not the function itself that would appear in
the factorized hadronic tensor in IPS in Eq. (23), and thus it
is the derivative of the Collins function that is evolved
simply by multiplying it with the evolution kernel ~R. Given
the Fourier transforms in Eq. (24), the derivative of the
Collins function in IPS is related to the function in
momentum space through
~H⊥ð1Þ1 ðz; b2T ;QÞ
¼ −2π
z3
Z
∞
0
dPˆhTPˆ
2
hTJ1ðbTPˆhT=zÞH⊥1 ðz; Pˆ2hT ;QÞ; ð43Þ
while the inverse relation is given by
H⊥1 ðz; Pˆ2hT ;QÞ
¼ −z
2πPˆhT
Z
∞
0
dbTbTJ1ðbTPˆhT=zÞ ~H⊥ð1Þ1 ðz; b2T ;QÞ: ð44Þ
Thus, if we have a parametrization for H⊥1 ðz; Pˆ2hT ;QiÞ at
some initial scale, we should first calculate its derivative,
~H⊥ð1Þ1 ðz; b2T ;QiÞ, then evolve it by multiplying it with the
evolution kernel, and finally obtain H⊥1 ðz; Pˆ2hT ;QfÞ at a
higher scale, Qf.
After obtaining the evolution kernel in Eq. (41) and once
we have managed to separate the perturbative and non-
perturbative contributions to the D-term, it is important
to notice that the TMDs themselves also contain perturba-
tive information when the transverse momentum is large
(kT ≫ ΛQCD). In other words, one can perform an OPE of
the TMDs onto collinear functions and thus extract the
dependence on the transverse momentum in terms of a
perturbatively calculable Wilson coefficient:
~TðbT ; ζ; μ2Þ ¼ ~CðbT ; ζ; μ2Þ ⊗ tðμ2Þ þOðbTΛQCDÞ: ð45Þ
The convolution refers to the variables x or z for TMDPDFs
or TMDFFs, respectively. In the equation above we have
schematically represented the OPE, where ~TðbT ; ζ; μ2Þ
stands for any one of the sixteen functions presented in
Eqs. (25) and (26), and tðμ2Þ for the corresponding
collinear function. For instance, we could consider the
unpolarized TMDPDF and match it onto the unpolarized
collinear PDF (see e.g., Refs. [4,17]); or the derivative of
the Sivers function and match it onto a twist-3 collinear
function (see, e.g., Ref. [6]); or the TMD helicity and
transversity functions and match them onto their collinear
counterparts (see Ref. [13]). Given Eq. (34), this general
OPE can be further expanded in order to exponentiate the ζ-
dependence in the matching coefficient:
~TðbT ; ζ; μ2Þ ¼

ζb2T
4e−2γE
−DðbT ;μÞ
~CQðbT ; μ2Þ ⊗ tðμ2Þ
þOðbTΛQCDÞ; ð46Þ
where ~CQ stands for the part of the Wilson coefficient in
Eq. (45) after the exponentiation of the ζ-dependence. We
emphasize the fact that the OPE above holds only in the
perturbative region of a small bT . Thus, one should impose
a cutoff over bT and add a parametrization for the large bT
region, which should be extracted from fitting to exper-
imental data.
Now, if we combine the evolution kernel given in
Eq. (41) with the OPE in Eq. (46), we can finally write
the TMDs while expanding, explicitly, their perturbative
content to the maximal extent:
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~TðbT ; ζ; μ2Þ ¼ ½ ~CQðbT ; μ2I Þ ⊗ tðμ2I Þ
× exp
Z
μ
μI
dμ¯
μ¯
γ

αsðμ¯Þ; ln
ζ
μ¯2

×

ζb2T
4e−2γE
−DðbT ;μIÞ
: ð47Þ
In order to minimize the effect of large logarithms in the
perturbative parts, the best choice for the dummy scale μI is
μI ∼ kT ∼ 1=bT . On the other hand, notice that this expres-
sion, as it stands, gives us the TMD ~T in the region of the
small bT . Thus, in order to recover the complete range of
the impact parameter we should include some cutoff over
bT , and at the same time be able to separate the perturbative
and nonperturbative contributions to the D-term to the
maximal extent, while resumming large logarithms to the
highest possible logarithmic accuracy according to a well-
defined resummation scheme. Finally, one should add as
well a model to account for the large bT region where the
OPE in Eq. (46) breaks down.
IV. APPLICATION: EVOLUTION OF THE
COLLINS TMDFF
After explicitly deriving the evolution for all leading-
twist (un-)polarized TMDPDFs and TMDFFs, which turns
out to be driven by the same evolution kernel, our goal in
this section is to illustrate its application by considering a
particular polarized TMD function: the Collins function. In
the literature one can find several examples of phenom-
enological studies of TMDs where, in order to deal with
experimental data obtained at different scales, the approach
taken is to evolve the collinear functions (PDF or FF)
that enter into the parametrizations of the considered TMDs
(see, e.g., [10–12]). In other words, the evolution is imple-
mented through the standard DGLAP evolution kernels.
However, as we discuss below, the application of the proper
QCD evolution gives very different results compared with the
implementation of the DGLAP kernel. Moreover, we apply
the evolution consistently at NNLL accuracy, the highest
possible one given the present knowledge we have of the
perturbative ingredients that enter in the evolution kernels.
Notice that here we are referring to the “modified”
definition of the Collins function, consistent with Eq. (16)
(also with Ref. [2]), since the one introduced in Ref. [35]
did not contain the proper soft factor. Obviously the
evolution of those two quantities is quite different, and
below we consider the one defined as in Eq. (16).
The authors in Ref. [12] present the last extraction of the
Collins function available in the literature. They perform a
global fit of data of azimuthal asymmetries, considering
SIDIS, from HERMES and COMPASS collaborations, and
electron-positron annihilation, from the Belle Collaboration,
in order to extract the Collins function and the transversity.
The data from the different collaborations are given at widely
separate scales, and thus the implementation of the evolution
of the relevant hadronic matrix elements becomes inevitable
if onewants to interpret them properly. As alreadymentioned,
the authors apply the DGLAP evolution to the collinear
functions, but we will take the parametrization of the
Collins function they extract as our input at the lower scale
and apply to it the proper TMD evolution anyway. In future
studies, it will be beneficial to revise previous phenomeno-
logical analyses while taking into account this evolution.
Before we actually proceed with the application of the
evolution to the Collins function obtained in Ref. [12], we
need to be careful with the different convention used in
that work to define the Fourier transforms. Instead of the
convolution appearing in Eq. (20), they actually use
δð2ÞðPh⊥ − zkn⊥ − Pˆh⊥Þ, and thus the consistent Fourier
transforms are
~Ff=Nðx; zb⊥; S; ζF; μ2Þ ¼
Z
d2kn⊥eizb⊥·kn⊥Ff=N
× ðx; kn⊥; S; ζF; μ2Þ;
~Dh=fðz; b⊥; Sh; ζD; μ2Þ ¼
Z
d2Pˆh⊥eib⊥·Pˆh⊥Dh=f
× ðz; Pˆh⊥; Sh; ζD; μ2Þ: ð48Þ
Notice the difference with respect to Eq. (24). Then the
corresponding relations between the derivative of the
Collins function in IPS and the function itself in momentum
space are
~H⊥ð1Þ1 ðz; b2T ;QÞ
¼ −2π
Z
∞
0
dPˆhTPˆ
2
hTJ1ðbTPˆhTÞH⊥1 ðz; Pˆ2hT ;QÞ; ð49Þ
and
H⊥1 ðz; Pˆ2hT ;QÞ
¼ −1
2πPˆhT
Z
∞
0
dbTbTJ1ðbTPˆhTÞ ~H⊥ð1Þ1 ðz; b2T ;QÞ: ð50Þ
Those are the relations we use below in order to illustrate
the effect of the QCD evolution on the Collins function,
taking as an input the model extracted in Ref. [12].
TABLE I. Best fit parameters from [12] for the standard
parametrization of N C;stdq ðzÞ. We do not specify the uncertainties
since we do not use them.
NC;favq ¼ 0.49 NC;disq ¼ −1.00 γ ¼ 1.06 δ ¼ 0.07 M2h ¼ 1.50
TABLE II. Best fit parameters from [12] for the polynomial
parametrization of N C;polq ðzÞ. We do not specify the uncertainties
since we do not use them.
NC;favq ¼ 1.00 NC;disq ¼ −1.00 a ¼ −2.36 b ¼ 2.12 M2h ¼ 0.67
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Following the Trento convention [36], the Collins
function is given by
ΔNDh=q↑ðz; Pˆ2hTÞ ¼
2PˆhT
zMh
H⊥1 ðz; Pˆ2hTÞ; ð51Þ
whereH⊥1 is the function that appears in the decomposition
in Eq. (26). This function is parametrized in Ref. [12] as
ΔNDh=q↑ðz; Pˆ2hTÞ ¼ 2N Cq ðzÞDh=qðzÞhðPˆhTÞ
e−Pˆ
2
hT=hPˆ2hTi
πhPˆ2hTi
;
hðPˆhTÞ ¼
ffiffiffiffiffi
2e
p PˆhT
Mh
e−Pˆ
2
hT=M
2
h : ð52Þ
Here, Dh=qðzÞ represents the collinear FF. Two different
parametrizations for N Cq ðzÞ are considered, called “stan-
dard” and “polynomial”:
N C;stdq ðzÞ ¼ NCq zγð1 − zÞδ
ðγ þ δÞðγþδÞ
γγδδ
;
N C;polq ðzÞ ¼ NCq z½ð1 − a − bÞ þ azþ bz2: ð53Þ
As explained in Ref. [12], it is convenient for fitting
purposes to introduce favored and disfavored fragmenta-
tion functions, and thus the Collins function H⊥1 is
modeled as
H⊥;fav
1;πþ=u;d¯ðz; Pˆ2hT ;Q2i Þ ¼ zN C;favq ðzÞDπþ=u;d¯ðz;Q2i Þ
ffiffiffiffiffi
2e
p
e−Pˆ
2
hT=M
2
h
e−Pˆ
2
hT=hPˆ2hTi
πhPˆ2hTi
;
H⊥;fav1;π−=d;u¯ðz; Pˆ2hT ;Q2i Þ ¼ zN C;favq ðzÞDπ−=d;u¯ðz;Q2i Þ
ffiffiffiffiffi
2e
p
e−Pˆ
2
hT=M
2
h
e−Pˆ
2
hT=hPˆ2hTi
πhPˆ2hTi
;
H⊥;dis
1;πþ=d;u¯ðz; Pˆ2hT ;Q2i Þ ¼ zN C;disq ðzÞDπþ=d;u¯ðz;Q2i Þ
ffiffiffiffiffi
2e
p
e−Pˆ
2
hT=M
2
h
e−Pˆ
2
hT=hPˆ2hTi
πhPˆ2hTi
;
H⊥;dis
1;π−=u;d¯
ðz; Pˆ2hT ;Q2i Þ ¼ zN C;disq ðzÞDπ−=u;d¯ðz;Q2i Þ
ffiffiffiffiffi
2e
p
e−Pˆ
2
hT=M
2
h
e−Pˆ
2
hT=hPˆ2hTi
πhPˆ2hTi
: ð54Þ
In Tables I and II one can find the parameters that appear in
the models above, and in Fig. 2 we show the correspondent
input Collins functions at the initial scale Qi ¼
ffiffiffiffiffiffi
2.4
p
GeV.
The evolved Collins function in momentum space is
obtained by using Eqs. (42), (43), and (44).
In Figs. 3 and 4 we compare the evolved Collins function
by applying the proper QCD evolution for TMDs, on one
hand, and the the DGLAP evolution on the other. We
consider both standard and polynomial parametrizations in
the favored and disfavored cases, as they appear in Eq. (54).
The QCD evolution is applied without the implementation
of any nonperturbative model for the evolution kernel,
since, as explained in Ref. [16] and shown in Fig. 1, its
effect is negligible if the considered initial and final
scales are well separated, as it is in our case. As can be
easily noticed, there is a substantial difference between
the QCD evolution and the DGLAP. While the QCD
evolution induces a fast decrease of the function and
broadens its width (see as well Refs. [4,6]), the DGLAP
evolution induces an enhancement. This was also
observed in [37] while considering the evolution of the
Sivers function.
0 1 2 3 4 5 6 b GeV
1
0.5
1.0
1.5
2.0
2.5
R
DR at NNLL
DR at NLL
DR at LL
Qi 2.4 GeV
Qf 5 GeV
0 1 2 3 4 5 6 b GeV
1
0.5
1.0
1.5
2.0
2.5
R
DR at NNLL
DR at NLL
DR at LL
Qi 2.4 GeV
Qf 10 GeV
FIG. 1 (color online). Evolution kernel ~R for Qi ¼
ffiffiffiffiffiffi
2.4
p
GeV and Qf ¼ ½5; 10 GeV with the resummed D, DR, introduced in
Ref. [16].
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In conclusion, and in order to properly interpret
experimental data and extract from them sensible results
for the TMDs, one should apply the correct evolution,
which, given the results shown in this work, is now
available for all leading-twist TMDPDFs and TMDFFs.
On the other hand, it is also worth emphasizing that the
evolution of TMDs, or, in other words, the resummation
of large logarithms, should be applied consistently within
a resummation scheme [16]. Not only should the
anomalous dimensions, γF;D and Γcusp, and the D-terms
be expanded accordingly, taking care of the difference
between the cusp and noncusp terms in γF;D, but the
matching coefficients H and ~C as well. For instance, for a
resummation up to NLL accuracy, one should take the
matching coefficients H and ~C at the tree level, the
anomalous dimension γV and the D-term at
one loop and the cusp anomalous dimension Γcusp at
two loops.
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z 0.1
0.2 0.4 0.6 0.8 1.0 PhT GeV
0.05
0.10
0.15
0.20
H1, d
,dis
Polynomial
Standard
z 0.1
FIG. 2 (color online). Input models for the Collins function at Qi ¼
ffiffiffiffiffiffi
2.4
p
GeV, the favored case (a) and disfavored case (b).
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FIG. 3 (color online). Evolution at NNLL accuracy of the Collins function from Qi ¼
ffiffiffiffiffiffi
2.4
p
GeV up to two different final scales.
(a) The standard input model in the favored case with the proper QCD evolution for TMDs. (b) The standard input model in the favored
case with the DGLAP evolution for the collinear FF. (c) The standard input model in the disfavored case with the proper QCD evolution
for TMDs. (d) The standard input model in the disfavored case with the DGLAP evolution for the collinear FF.
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V. CONCLUSIONS
Using the formalism of effective field theories we have
derived a factorization theorem for the SIDIS process. The
relevant soft function, which is shown to be universal between
DY and SIDIS kinematics, is split in rapidity space into two
pieces and each one is then combined with one of the two
collinear sectors. This combination allows us to obtain well-
defined TMDPDFs and TMDFFs in the sense that all rapidity
divergences cancel. We have argued, while extensively dis-
cussingthepropertiesof thesoft function, that thelast statement
is valid for the sixteen relevant TMDs considered in this work.
In particular, we have shown this fact by explicitly calculating
the unpolarizedTMDFFat theNLO, and itsmatching onto the
collinear FF. We emphasize that this successful matching
could not have been attained without the contribution of the
relevant soft contribution to the collinear one.
By considering the properties of the pure collinear and
soft matrix elements, we have shown that the evolution
kernel for all the leading-twist TMDs is identical. The
current knowledge of the perturbative ingredients that enter
into this kernel allows us to perform the evolution of all
TMDs while resumming large logarithms consistently up to
NNLL accuracy. We have illustrated the application of this
kernel by considering one particular polarized TMDFF, the
Collins function, and pointed out the difference between
applying the proper TMD evolution compared with the
widely used DGLAP one. The differences among the two
are clear from our results and this is one of the main results
of this work.
By probing hadrons at different scales and processes
(SIDIS, DY, or electron-positron annihilation), we can
unravel their inner momentum and spin structure, which
is encoded by those TMDs. This research is actively being
pursued by the HERMES (DESY), COMPASS (CERN),
CLAS (JLAB), Belle (KEK) or BaBar (SLAC) collabora-
tions, among others. The LHC and the future electron-ion
collider can also be of very much help in understanding the
internal structure of hadrons. All the previously mentioned
experiments run at different energies and probe hadrons
at different scales; thus, in order to properly interpret
experimental data, it is absolutely necessary to know and
implement the evolution of the TMDs involved in a given
process. To conclude, this work opens the door for revising
previous phenomenological analyses of spin asymmetries
and performing new ones, while considering the proper
QCD evolution of such quantities.
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APPENDIX A: TMDFF AT THE NLO
In this appendix we present the calculation of the
unpolarized quark TMDFF at OðαsÞ, using dimensional
regularization with the M¯S-scheme (μ2 → μ2eγE=ð4πÞ) for
ultraviolet divergences and the Δ regulator [17] for IR and
rapidity divergences. With this regulator, we write the poles
of the fermion propagators with a real and positive
parameters, Δ,
iðpþ kÞ
ðpþ kÞ2 þ i0⟶
iðpþ kÞ
ðpþ kÞ2 þ iΔ− ;
iðp¯þ kÞ
ðp¯þ kÞ2 þ i0⟶
iðp¯þ kÞ
ðp¯þ kÞ2 þ iΔþ ; ðA1Þ
and for collinear and soft Wilson lines, one has
1
k  i0⟶
1
k  iδ : ðA2Þ
Given the fact that the soft and collinear matrix elements
should reproduce the soft and collinear limits of full QCD,
they need to be regulated consistently, so δ are related with
Δ through the large components of the collinear fields:
δþ ¼ Δ
þ
p¯−
; δ− ¼ Δ
−
pþ
: ðA3Þ
Note that Δ (and hence δ) are regulator parameters, and
are set to zero unless they regulate any divergence.
Let us now proceed with the calculation. The unpolar-
ized TMDFF is defined through Eq. (16):
Dn¯ðz;PˆhT ;ζD;μ2;ΔþÞ
¼
Z
d2b⊥e−ib⊥·kn¯⊥ ~J
ð0Þ
n¯ ðz;bT ;μ2;ΔþÞ ~SþðbT ;ζD;μ2;ΔþÞ;
ðA4Þ
where Jð0Þn¯ ¼ Δð0Þ½γ− ¼ 12TrðΔð0Þγ−Þ and we average over
the spin of the hadron. This function corresponds to D1 in
the spin decomposition in Eq. (19). Notice that ~Jð0Þn¯ stands
for the pure collinear matrix element, i.e., without any
contamination from the soft region. However, given the
equivalence between the subtraction of the zero bin and the
soft function (with the Δ regulator) established in Ref. [17],
we can rewrite the previous definition as
Dn¯ðz;PˆhT ;ζD;μ2;ΔþÞ
¼
Z
d2b⊥e−ib⊥·kn¯⊥ ~Jn¯ðz;bT ;Q2;μ2;Δþ;Δ−Þ
× ~S−1− ðbT ;ζF;μ2;Δ−Þ; ðA5Þ
where now ~Jn¯ stands for the naively calculated collinear
matrix element. Notice that ~Jn¯ depends on Q2, and when
combined with the piece of the soft function that depends
on ζF, we will recover the correct ζD-dependence.
Technically this is achieved through the following steps.
The pure collinear matrix element ~Jð0Þn¯ is obtained from the
naive collinear one, ~Jn¯, through
~Jð0Þn¯ ðz; bT ; μ2;ΔþÞ ¼
~Jn¯ðz; bT ;Q2; μ2;Δþ;Δ−Þ
~SðbT ;Q2; μ2;Δþ;Δ−Þ
; ðA6Þ
and given the splitting of the soft function in Eq. (14), the
TMDFF Dn¯ can be written as
Dn¯ðz; PˆhT ; ζD;μ2;ΔþÞ
¼
Z
d2b⊥e−ib⊥·kn¯⊥
~Jn¯ðz; bT ;Q2;μ2;Δþ;Δ−Þ
~S−ðbT ; ζF;μ2;Δ−Þ ~SþðbT ;ζD;μ2;ΔþÞ
× ~SþðbT ; ζD;μ2;ΔþÞ; ðA7Þ
from which we getDn¯ in Eq. (A5). This is the equation that
is used below to calculate the TMDFF.
At the tree level the collinear matrix element is
Jn¯0 ¼ δð1 − zÞδð2Þðkn¯⊥Þ: ðA8Þ
The wave function renormalization (WFR) diagram
[Fig. 5(a)] gives
FIG. 5. One-loop diagrams for the collinear FF and the TMDFF. Hermitian conjugates of the diagrams (a), (b), and (d) are not shown.
Double lines stand for the collinear Wilson line.
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ip¯Σð5aÞðp¯Þ ¼ −g2CFδð1 − zÞδð2Þðkn¯⊥Þμ2ϵ
Z
ddk
ð2πÞd
−ðd − 2Þðp¯ − kÞ
½ðp¯ − kÞ2 þ iΔþ½k2 þ i0
¼ ip¯ αsCF
2π
δð1 − zÞδð2Þðkn¯⊥Þ

1
2εUV
þ 1
2
ln
μ2
−iΔþ
þ 1
4

: ðA9Þ
Combined with its Hermitian conjugate, we get
Σðp¯Þ ¼ Σð5aÞþð5aÞðp¯Þ ¼ αsCF
2π
δð1 − zÞδð2Þðkn¯⊥Þ

1
εUV
þ ln μ
2
Δþ
þ 1
2

; ðA10Þ
which contributes to the TMDFF matrix element with − 1
2
Σðp¯Þ.
All tadpole diagrams are identically 0, since n2 ¼ n¯2 ¼ 0, and they will not be considered any further. Figure 5(b) and its
Hermitian conjugate give
Jð5bÞþð5bÞ

n¯1 ¼ −2ig2CFδð1 − zÞδð2Þðkn¯⊥Þμ2ϵ
Z
ddk
ð2πÞd
p¯− þ k−
½k− þ iδ−½ðp¯þ kÞ2 þ iΔþ½k2 þ i0 þ H:c:
¼ αsCF
2π
δð1 − zÞδð2Þðkn¯⊥Þ

2
εUV
ln
δ−
p¯−
þ 2
εUV
− ln2
δ−Δþ
p¯−μ2
− 2 ln
Δþ
μ2
þ ln2 Δ
þ
μ2
þ 2þ 5π
2
12

: ðA11Þ
Figure 5(c) gives
Jð5cÞn¯1 ¼ 2πg2CFp¯−
1
z
Z
ddk
ð2πÞd δðk
2Þθð−k−Þ 2ð1 − εÞk
2
Tδðð1 − 1=zÞp¯− − k−Þδð2Þðk⊥ þ kn¯⊥Þ
½ðp¯ − kÞ2 þ iΔþ½ðp¯ − kÞ2 − iΔþ
¼ αsCF
2π2
1
z
1 − z
z
k2n¯T
jk2n¯T − iΔþð1 − 1=zÞj2
; ðA12Þ
where we have written j z−1z j ¼ 1−zz with z ∈ ½0; 1.
Figure 5(d) and its Hermitian conjugate give
Jð5dÞþð5dÞ

n¯1 ¼ −4πg2CFp¯−
1
z
Z
ddk
ð2πÞd δðk
2Þθð−k−Þ ðp¯
− − k−Þδðð1 − 1=zÞp¯− − k−Þδð2Þðk⊥ þ kn¯⊥Þ
½k− − iδ−½ðp¯ − kÞ2 þ iΔþ þ H:c:
¼ αsCF
2π2
1
z2

1
ð1 − 1=zÞ − iδ−=p¯−

−1
k2n¯T − iΔþð1 − 1=zÞ

þ H:c: ðA13Þ
Now we list the Fourier transform of the previous results:
~Jn¯0 ¼ δð1 − zÞ: ðA14Þ
~Σðp¯Þ ¼ αsCF
2π
δð1 − zÞ

1
εUV
þ ln μ
2
Δþ
þ 1
2

: ðA15Þ
~Jð5bÞþð5bÞ

n¯1 ¼
αsCF
2π
δð1 − zÞ

2
εUV
ln
δ−
p¯−
þ 2
εUV
− ln2
δ−
p¯−
− 2 ln
δ−
p¯−
ln
Δþ
μ2
− 2 ln
Δþ
μ2
þ 2þ 5π
2
12

: ðA16Þ
~Jð5cÞn¯1 ¼
αsCF
2π
1
z
1 − z
z
ln
4e−2γE
Δþ 1−zz b
2
T
: ðA17Þ
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~Jð5dÞþð5dÞ

n¯1 ¼ −
αsCF
2π
1
z2

1
ð1 − 1=zÞ − iδ−=p¯−

ln
4e−2γE
iΔþ 1−zz b
2
T
þ H:c:
¼ αsCF
2π

ln
4e−2γE
Δþb2T

2=z
ð1 − zÞþ
− 2 ln
δ−
p¯−
δð1 − zÞ

−
2
z

lnð1 − zÞ
1 − z

þ
þ

ln2
δ−
p¯−
þ π
2
12

δð1 − zÞ
þ ð2=zÞ ln zð1 − zÞþ
−
π2
2
δð1 − zÞ

: ðA18Þ
We have used the following identity in d ¼ 2 − 2ε to perform the Fourier transforms:
Z
ddk⊥eik⊥·b⊥fðkTÞ ¼ b−dT ð2πÞ
d
2
Z
∞
0
dyy
d
2Jd
2
−1ðyÞf

y
bT

; ðA19Þ
with the particular results
Z
ddk⊥eik⊥·b⊥
1
k2T − iΛ2
¼ π ln 4e
−2γE
−iΛ2b2T
;
Z
ddk⊥eik⊥·b⊥
k2T
k4T þ Λ4
¼ π ln 4e
−2γE
Λ2b2T
; ðA20Þ
when Λ → 0.
We have also used the following relations:
fðzÞ

1
ð1 − 1=zÞ − iδ−=p¯− þ
1
ð1 − 1=zÞ þ iδ−=p¯−

¼ fðzÞ

−2z
ð1 − zÞþ
þ 2 ln δ
−
p¯−
δð1 − zÞ

;
fðzÞ

lnð1 − zÞ
ð1 − 1=zÞ − iδ−=p¯− þ
lnð1 − zÞ
ð1 − 1=zÞ þ iδ−=p¯−

¼ fðzÞ

−2z

lnð1 − zÞ
1 − z

þ
þ

ln2
δ−
p¯−
þ π
2
12

δð1 − zÞ

;
fðzÞ

1
ð1 − 1=zÞ − iδ−=p¯− −
1
ð1 − 1=zÞ þ iδ−=p¯−

¼ iπδð1 − zÞfðzÞ; ðA21Þ
where fðzÞ is any function regular at z → 1. Similar relations were also used to derive some of the results below; however,
they will not be displayed.
Thus, in IPS, the collinear matrix element, for the partonic channel of a quark fragmenting into a quark, is
~Jn¯;q←qðz; bTÞ ¼ δð1 − zÞ þ
αsCF
2π

δð1 − zÞ

2
εUV
ln
Δ−
Q2
þ 3
2εUV

− L⊥

1
z2
Pq←q −
3
2
δð1 − zÞ

þ 2L⊥ ln
Δ−
Q2
δð1 − zÞ − 1 − z
z2
ln
1 − z
z
−
2
z

lnð1 − zÞ
1 − z

þ
þ ð2=zÞ ln zð1 − zÞþ
− ln
Δþ
μ2

1
z2
Pq←q

þ 7
4
δð1 − zÞ

; ðA22Þ
where L⊥ ¼ lnðμ2b2Te2γE=4Þ and, to OðαsÞ, the DGLAP kernel Pq←q is the same as for the collinear PDF:
Pq←q ¼

1þ z2
1 − z

þ
¼ 1þ z
2
ð1 − zÞþ
þ 3
2
δð1 − zÞ ¼ 2zð1 − zÞþ
þ ð1 − zÞ þ 3
2
δð1 − zÞ: ðA23Þ
As in the case of the TMDPDF [17] the mixed divergences are a signal of rapidity divergences that needs to be eliminated to
get well-defined hadronic quantities.
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Let us now calculate the soft function. Figure 6(a) and its
Hermitian conjugate give
Sð6aÞþð6aÞ

1 ¼−2ig2CFδð2Þðks⊥Þμ2ε
×
Z
ddk
ð2πÞd
1
½k−þ iδ−½kþþ iδþ½k2þ i0þH:c:
¼−αsCF
2π
δð2Þðks⊥Þ
×

2
ε2UV
−
2
εUV
ln
δþδ−
μ2
þ ln2δ
þδ−
μ2
−
π2
2

: ðA24Þ
And for Fig. 6(b) and its Hermitian conjugate we have
Sð6bÞþð6bÞ

1 ¼ −4πg2CF
Z
ddk
ð2πÞd δ
ð2Þðk⊥
þ ks⊥Þδðk2Þθð−k−Þ×
1
½k− − iδ−½−kþ þ iδþ
þH:c:
¼ −αsCF
π2
1
k2sT þ δþδ−
ln
δþδ−
k2sT
:
ðA25Þ
In IPS we then get
~Sð6aÞþð6aÞ

1 ¼ −
αsCF
2π

2
ε2UV
−
2
εUV
ln
δþδ−
μ2
þ ln2 δ
þδ−
μ2
−
π2
2

;
ðA26Þ
and
~Sð6bÞþð6bÞ

1 ¼
αsCF
2π

ln2
4e−2γE
δþδ−b2T
−
π2
3

; ðA27Þ
where we have used the following:
Z
ddk⊥eik⊥·b⊥
1
k2T þ Λ2
ln
Λ2
k2T
¼ π

−
1
2
ln2
4e−2γE
Λ2b2T
þ π
2
6

:
ðA28Þ
The complete soft function in IPS at OðαsÞ is
~S ¼ 1þ αsCF
2π

−
2
ε2UV
þ 2
εUV
ln
ΔþΔ−
μ2Q2
þ L2⊥ þ 2L⊥ ln
ΔþΔ−
μ2Q2
þ π
2
6

; ðA29Þ
which is the same as for DY kinematics [see Eq. (18)
in Ref. [3]].
Combining the collinear and soft matrix elements as in
Eq. (A5) we get the TMDFF in IPS for the (q←q) channel:
~Dn¯;q←qðz;bT ;ζn¯;μ2Þ¼δð1−zÞþ

~Jn¯1;q←q−
1
2
δð1−zÞ ~S1

Δ−
pþ
;α
Δ−
p¯−

¼δð1−zÞþαsCF
2π

δð1−zÞ

1
ε2UV
−
1
εUV
ln
ζn¯
μ2
þ 3
2εUV

−
1
2
L2⊥δð1−zÞ−L⊥

1
z2
Pq←q−
3
2
δð1−zÞ

−L⊥ ln
ζn¯
μ2
δð1−zÞþ1−z
z2
þ lnz
2
z2
Pq←q−
π2
12
δð1−zÞ
−
1
z2
Pq←q ln
Δþ
μ2
þ7
4
δð1−zÞ−ð1−zÞ
z2

1þ ln1−z
z

−
2
z

lnð1−zÞ
1−z

þ
þð2=zÞlnzð1−zÞþ
−
lnz2
z2
Pq←q

; ðA30Þ
where all of the rapidity divergences are canceled, as expected.
There is another channel yet to be calculated, i.e., the one that corresponds to a quark fragmenting into a gluon. If we
choose to sum over the physical (transverse) polarizations for the gluons, then we need to calculate one sole diagram, given
in Fig. 5(e). Thus, we have
Jð5eÞn¯1;g←q¼−g2CF
1
z
Z
d4k
ð2πÞ4 δðk
− − ð1−1=zÞp¯−Þδð2Þðk⊥þkn¯⊥Þδðk2Þθð−k−Þ1
2
X
pol
ϵ⊥μ ϵ⊥ν
tr½ðp¯−kÞγμkγνðp¯−kÞn
2

½ðp¯−kÞ2þ iΔþ½ðp¯−kÞ2− iΔþ
¼ αsCF
2π2
1
z3
½ð1− εÞz2þ2ð1− zÞk2n¯T
½k2n¯T − iΔþð1−1=zÞ½k2n¯T þ iΔþð1−1=zÞ ; ðA31Þ
where we have used the following:
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X
pol
ϵ⊥μ ϵ⊥ν ¼ −g⊥μν ¼ gμν −
1
2
ðnμn¯ν þ nνn¯μÞ: ðA32Þ
The Fourier transform on this result is
~Jð5eÞn¯1;g←q ¼
αsCF
2π
1
z2
Pg←q ln
4e−2γE
Δþb2Tð1 − zÞ=z ; ðA33Þ
where the DGLAP splitting function of a quark into a gluon
is
Pg←q ¼
z2 þ 2ð1 − zÞ
z
: ðA34Þ
Given the fact that there is no soft contribution for this
channel, the TMDFF in IPS and for the (g←q) partonic
channel is then
~Dn¯;g←qðz; bT ; ζn¯; μ2Þ ¼
αsCF
2π
1
z2
Pg←q ln
4e−2γE
Δþb2Tð1 − zÞ=z :
ðA35Þ
APPENDIX B: REFACTORIZATION OF THE
TMDFF IN TERMS OF THE COLLINEAR FF
Below, we perform an OPE of the quark TMDFF onto
the integrated quark FF and calculate the matching coef-
ficient at OðαsÞ. The OPE of the renormalized TMDFF
onto the renormalized FF is
~DRn¯ ðz; bT ; ζn¯; μ2Þ ¼
Z
1
z
dzˆ
zˆ3−2ε
~Cn¯

z
zˆ
; bT ; ζn¯; μ2

dRn¯ ðzˆ; μÞ;
ðB1Þ
where the FF is defined as [38]
dn¯ðz; μÞ ¼
zd−3
2
Z
dyþ
2π
ei
1
2
yþp¯−=z 1
2
×
X
s
X
X
tr
n
2
h0j½ ~W†n¯ξn¯ðyþ; 0−; ~0⊥ÞjP¯s; Xi
× hP¯s; Xj½ξ¯n¯ ~Wn¯ð0Þj0i: ðB2Þ
One can easily verify that the matching coefficient at one
loop is
~Cn¯1 ¼ ~DRn¯1 −
dRn¯1
z2−2ε
; ðB3Þ
where the TMDFF is given in Eq. (A30). In order to
properly obtain the matching coefficient, we need to
calculate the collinear FF at OðαsÞ (while using the same
regulators used for the TMDFF).
At the tree level, the FF is
dn¯0 ¼
z1−2ε
2
Z
dyþ
2π
ei
1
2
yþp¯−=z 1
2
×
X
s
tr
n
2
h0jξn¯ðyþ; 0−; ~0⊥Þjp¯ihp¯jξ¯n¯ð0Þj0i
¼ δð1 − zÞ: ðB4Þ
As before, the WFR contribution is − 1
2
Σðp¯Þ.
Figure 5(b) and its Hermitian conjugate give
dð5bÞþð5bÞ

n¯1 ¼ −2ig2CFδð1 − zÞμ2ϵ
Z
ddk
ð2πÞd
p¯− þ k−
½k− þ iδ−½ðp¯þ kÞ2 þ iΔþ½k2 þ i0 þ H:c:
¼ αsCF
2π
δð1 − zÞ

2
εUV
ln
δ−
p¯−
þ 2
εUV
− ln2
δ−
p¯−
− 2 ln
δ−
p¯−
ln
Δþ
μ2
− 2 ln
Δþ
μ2
þ 2þ 5π
2
12

: ðB5Þ
The contribution of Fig. 5(c) is
dð5cÞn¯1 ¼ 2πg2CFp¯−z1−2εμ2ε
Z
ddk
ð2πÞd δðk
2Þθð−k−Þ −2ð1 − εÞk
2⊥δðð1 − 1=zÞp¯− − k−Þ
½ðp¯ − kÞ2 þ iΔþ½ðp¯ − kÞ2 − iΔþ
¼ αsCF
2π
ð1 − zÞ

1
εUV
þ ln μ
2
Δþ
− 1 − ln
1 − z
z
− ln z2

: ðB6Þ
FIG. 6. One-loop diagrams for the soft function. The Hermitian
conjugate of diagrams (a) and (b) are not shown. Double lines
stand for soft Wilson lines.
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Figure 5(d) and its Hermitian conjugate give
dð5dÞþð5dÞ

n¯1 ¼ −4πg2CFp¯−z1−2εμ2ε
Z
ddk
ð2πÞd δðk
2Þθð−k−Þ ðp¯
− − k−Þδðð1 − 1=zÞp¯− − k−Þ
½k− − iδ−½ðp¯ − kÞ2 þ iΔþ þ H:c:
¼ αsCF
2π

1
εUV
þ ln μ
2
Δþ

2z
ð1 − zÞþ
− 2δð1 − zÞ ln δ
−
p¯−

−
2z ln z2
ð1 − zÞþ
− 2z

lnð1 − zÞ
1 − z

þ
þ

ln2
δ−
p¯−
þ π
2
12

δð1 − zÞ þ 2z ln zð1 − zÞþ
−
π2
2
δð1 − zÞ

; ðB7Þ
where we have used the following relations:
ð−1þ 1=zÞ−εz−2ε
ð1 − 1=zÞ − iδ−=p¯− þ
ð−1þ 1=zÞ−εz−2ε
ð1 − 1=zÞ þ iδ−=p¯− ¼ −
2z
ð1 − zÞþ
þ 2δð1 − zÞ ln δ
−
p¯−
− ε

−
2z ln z2
ð1 − zÞþ
− 2z

lnð1 − zÞ
1 − z

þ
þ

ln2
δ−
p¯−
þ π
2
12

δð1 − zÞ þ 2z ln zð1 − zÞþ

þOðε2Þ;
ð−1þ 1=zÞ−εz1−2ε
ðz − 1Þ − izδ−=p¯− −
ð−1þ 1=zÞ−εz1−2ε
ðz − 1Þ þ izδ−=p¯− ¼ iπδð1 − zÞ þOðεÞ: ðB8Þ
Combining the virtual and real contributions, we get the collinear FF to the first order in αs,
dn¯ðz; μÞ ¼ δð1 − zÞ þ
αsCF
2π

Pq←q

1
εUV
− ln
Δþ
μ2

þ 7
4
δð1 − zÞ − ð1 − zÞ

1þ ln 1 − z
z

− 2z

lnð1 − zÞ
1 − z

þ
þ 2z ln zð1 − zÞþ
− ln z2Pq←q

; ðB9Þ
where we have used that
ln z2Pq←q ¼
2z ln z2
ð1 − zÞþ
þ ð1 − zÞ ln z2: ðB10Þ
Taking the renormalized one-loop result for the FF, we get
dRn¯1
z2−2ε
¼αsCF
2π

−
1
z2
Pq←q ln
Δþ
μ2
þ7
4
δð1−xÞ− ð1−zÞ
z2

1þ ln1−z
z

−
2
z

lnð1−zÞ
1−z

þ
þð2=zÞ lnzð1−zÞþ
−
lnz2
z2
Pq←q

; ðB11Þ
where the factor z2ε has no effect given that the renormalized FF, dRn¯ , has no poles. Combining this result with the TMDFF at
one loop,8 given in Eq. (A30), as it appears in Eq. (B3), we get the matching coefficient at OðαsÞ:
~Cn¯ðz; bT ; ζn¯; μ2Þ ¼ δð1 − zÞ þ
αsCF
2π

−
1
2
L2⊥δð1 − zÞ − L⊥

1
z2
Pq←q −
3
2
δð1 − zÞ

− L⊥ ln
ζn¯
μ2
δð1 − zÞ þ 1 − z
z2
þ ln z
2
z2
Pq←q −
π2
12
δð1 − zÞ

: ðB12Þ
This result is consistent with the one calculated in Ref. [2], apart from the π2-term, which is related to a different convention
for the M¯S-scheme (see Sec. VI in Ref. [39]). Notice that this coefficient, as the one for the OPE of the TMDPDF onto the
collinear PDF derived in Ref. [17], depends explicitly on Q2 (through ζn¯). This dependence can be exponentiated by
following the same steps as in the case of the TMDPDF; thus, we are able to write the TMDFF as
8Remember that for the OPE we need to consider the renormalized TMDFF.
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~Dn¯ðz;bT ;ζn¯;μ2Þ¼

ζn¯b2T
4e−2γE
−DðbT ;μÞ
~CQn¯ ðz;bT ;μ2Þ⊗dn¯ðz;μÞ;
ðB13Þ
where
~CQn¯ ðz; bT ; μ2Þ ¼ δð1 − zÞ þ
αsCF
2π
×

−
1
z2
Pq←qL⊥ þ
1 − z
z2
− δð1 − zÞ
×

−
1
2
L2⊥ þ
3
2
L⊥ þ
π2
12

: ðB14Þ
and the D-function is related to the cusp anomalous
dimension through
dD
d ln μ
¼ Γcusp: ðB15Þ
Finally, the contribution to the collinear FF coming from
the quark-gluon channel is
dð5eÞn¯1;g←q¼−g2CFz1−2εμ2ε
×
Z
ddk
ð2πÞdδðk
−−ð1−1=zÞp¯−Þδðk2Þθð−k−Þ1
2
×
X
pol
ϵ⊥μ ϵ⊥ν
tr½ðp¯−kÞγμkγνðp¯−kÞn
2

½ðp¯−kÞ2þiΔþ½ðp¯−kÞ2−iΔþ
¼αsCF
2π

Pg←q

1
εUV
þ ln μ
2
Δþ

−ln½zð1−zÞPg←q−z

:
ðB16Þ
Combining this result with the one of the TMDFF as in
Eq. (B3) we get for the coefficient in this channel:
~Cn¯;g←q ¼
αsCF
2π

−L⊥
1
z2
Pg←q þ
ln z2
z2
Pg←q þ
1
z

: ðB17Þ
APPENDIX C: HARD PART AT OðαsÞ
Here, we obtain the hard coefficient contributing to the
factorized hadronic tensor of SIDIS. This contribution has
to be the same as the for inclusive DIS since the hard part is
obtained from virtual Feynman diagrams and, thus, is
independent of qT or bT and it is only a polynomial in
logðQ2=μ2Þ and no other parameter dependence is allowed.
The hard matching coefficient is calculated by subtracting
the effective theory contributions from the hadronic tensor
calculated in full QCD. In IPS, the hadronic tensor atOðαsÞ
can be written in terms of the naive collinear (i.e., before
any soft or zero-bin subtraction is performed; in the next
equation this is taken care off by the “−” sign in front of the
soft function) and the soft matrix element as
~Wðx; z;bT ;QÞ
¼HðQ2=μ2Þ½δð1− xÞδð1− zÞ
þ ðδð1− zÞ ~Jn1ðx;bT ;Q;μÞþ δð1− xÞ ~Jn¯1ðz;bT ;Q;μÞ
− δð1− xÞδð1− zÞ ~S1ðbT ;QÞÞþOðα2sÞ: ðC1Þ
In QCD, the virtual part of ~W (with the Δ regulator) can be
computed by calculating the vertex diagram (and the WFR)
for DIS kinematics. Setting Δ ¼ Δ for simplicity, the
result is
~WvQCD ¼ δð1 − xÞδð1 − zÞ
×

1þ αsCF
2π

−2ln2
Δ
Q2
− 3 ln
Δ
Q2
−
9
2
þ π
2
2

:
ðC2Þ
Collecting the results from Appendix A, we can write the
virtual part of the naive collinear and soft matrix elements:
Jvn1 ¼
αsCF
2π
δð1 − xÞ

2
εUV
ln
Δ
Q2
þ 3
2εUV
− ln2
Δ2
Q2μ2
−
3
2
ln
Δ
μ2
þ ln2 Δ
μ2
þ 7
4
þ 5π
2
12

;
Jvn¯1 ¼
αsCF
2π
δð1 − zÞ

2
εUV
ln
Δ
Q2
þ 3
2εUV
− ln2
Δ2
Q2μ2
−
3
2
ln
Δ
μ2
þ ln2 Δ
μ2
þ 7
4
þ 5π
2
12

;
Sv1 ¼
αsCF
2π

−
2
ε2UV
þ 2
εUV
ln
Δ2
Q2μ2
− ln2
Δ2
Q2μ2
þ π
2
2

: ðC3Þ
Thus, inserting the results above in Eq. (C1), the total virtual part of the hadronic tensor W in the effective theory is
~WvSCET ¼ HðQ2=μ2Þδð1 − xÞδð1 − zÞ

1þ αsCF
2π

2
ε2UV
þ 1
εUV

3þ 2 ln μ
2
Q2

− 2ln2
Δ
Q2
− 3 ln
Δ
Q2
þ 3 ln μ
2
Q2
þ ln2 μ
2
Q2
þ 7
2
þ π
2
3

; ðC4Þ
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where the UV divergences are canceled by a standard
renormalization process. Notice that the IR (the Δ-
dependent terms) contributions in Eqs. (C2) and (C4)
are the same; otherwise, the matching procedure breaks
down. Thus, the matching coefficient between the QCD
and the effective theory at the scale Q is
HðQ2=μ2Þ ¼ 1þ αsCF
2π

−3 ln
μ2
Q2
− ln2
μ2
Q2
− 8þ π
2
6

:
ðC5Þ
The above result was first derived in Ref. [40]. At two loops
one can find it in Ref. [24].
It is worth emphasizing that the hard part, as a Wilson
coefficient, cannot depend on any regulator. In other words,
if both theories above and below the matching scale have
the same IR physics, then the matching coefficient has to be
free from any IR regulator. However, even if this is the case,
since the hard part is calculated by a subtraction method,
i.e., by subtracting the contribution of the theory below the
matching scale from the one of the theory above it, it is
crucial to regulate the divergences in both theories con-
sistently, i.e., one needs to employ the same regulator in the
effective theory (or in the building blocks of the factorized
hadronic tensor) as well as in full QCD. Otherwise the
cancellation of divergences in perturbation theory is not
realized properly. One can find several examples in the
literature where this is actually the case, see, e.g.,
Refs. [7,41–44], ending up with a hard part that actually
does depend on a nonultraviolet regulator.
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